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FLUID MECHANICS OF AXISYMMETRIC WAKES

BEHIND BODIES IN HYPERSONIC FLOW

By Lu Ting and Paul A, Libby

SUMMARY_
In this rcpor* analysis of the fluid mechanics of wakes behind
bodies in hypersonic flow is presented. The models used for lidcgl_i'_zi'ngrbgt}g

. the flow field and the chamistry of air are discussed first. Thcf fluid

mechanics of the wake itaelf is then shown to be detbri&b& in terﬁ? ;i{,r l'
transfurmed coordinates which are applicable to both laminar and mrﬁu!anf
wakes. The transformation to the physical plane requires description of
the travsport properties of the gas; these are therefore discussed next,

In this connectiou a rational means for estimating the turbulent transpbﬂ'  ', .

properties 18 described. Finally, there are presented the results of

numerical analysis of four cases which appear to lead to the highest

concentration of electrons in the wake.and of the initial conditions for a -

boundary layer induced que.\
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SYMBOLS
amplitude o, the velocity distribution as appears in Equation (14)

amplitude of mass fract:on d.stribution

distance of the cross section of the wake from the body
base diameter of the body

transformed stream function

static enthalpy; h = 0 ot “K

dimensiunless quantities with respect to free stream coxfditio%ﬁ‘t N

total entaalpy including mean kinetic energy =

l.ewis nuimber
Mach numher ,
electron density

pressure

Prandtl number

Reyvnolds number

nose radius

transtor:ned coordinate along body surface after Lee's theory
temperature

velocity components respectively in the axial and in
the radial directions

free stream velocity
molecular weight
cylindrical coordinates

dimensionless quagtities with tespect to-the Tadi
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Y mags (raction

z incompressible radiul coordinate as defined in Equation (8a)

Y ratio of specific heats, ;P

v

] radius of the compressible wake

6 radius of the incompressible wake us defincd in ﬁqhatian mni’

‘ absolute incompressible eddy viscosity as defined in Equation (?.9}7

n ‘dimonsionleas variable as defined in P':quation (8h)

e momentum thickness

A b -a

7! absolute viscosity

By absolute eddy viscosity as aefined in Fquation {28)

€ dirnensionrless variable as defined 1n Equation {12)

P density i I
& ,_,__nmlm.fuuézixmmw»- S - T T _w‘

w free st-eam conditions

e quantities at the outer edge of the boundary laver

f frozen flow

i species i

J atomes of spccin‘j

k molecules of species k B

o conditions on the plane x » 0 |

5 stagnation conditions




Superscripts
-".—)' time averages of {luctnating terms
. transformed quantities referred to turbulent incompressible wake
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I INTRODUCTION.
The flow field behind a body in hypersonic flow can be divided into a

region close tu the body and a far field remote from the body. In the

former region, the pressure is significantly different from its ambient

in this region the viscous effects associated with base mixing play an
important role in determining the flow field. The extent of this region
cluse tu the budy can be estimated by application of the blast theory of

S. C. Lin (Reference 1); if it is required that p > 1.l p,,. with Mg, ™22,
y = 1.4, then x/D~0,0665 M, rp/pm . (s.«:oi s it P/Pyo =1 then
x/D™ 54, For the purpose of the wake these values of x/D correspond to
"close'' to the body,

The present analysis i8 concerned with the far field where viscous
stresses predominate. The static pressure in this region is taken to be
constant and equal to :te ambuent value. Therefore, the wake is being
runsidered he;re ay a generalizatior. ol the (iacssical wake behind bodies in
luw speed flow.* In contrast to the iow speed case, however, the hyper-
sonic wake can involve changes acruss the viscous region of stagnation
enthalpy, composition, and density ¢ - well as of velocity.

There appear to be two types of wake in the case of hyparsonic flow,

For blunt bodies the alterations in flow and gas properties from their free

value and is non-uniform in both the radial and axial directions, Moreover,

»This problem {s reviewed in Reference 2.
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stream values are associated almost entirely with the bow shock wave
and tu a lesser degree with the shock wave system near the base of the
body. The miss flow influenced by these shock waves is much greater than
that involved i the boundary layer and base mixing. Thus the lateral
extent of the pourtion of the wake caused by the boundary layer and base
mixing i3 relatively smail, The wake in this case can be idealized as a
constant energy region with tnitial flow properties dctermined by the shock
wave svstem. For slender bodies, on the contrary, the wake can be cop«
stdered to be entirely due to the viscous effects associated with the bmmlln‘f
layer and base mixing. Then the energy :s non-uniform across the waks.
lhe classification of hypersonic wakes then involves both shock-induced
and bwundary iayer-induced wakes. In addition, it is possible to consid r
two d:fferert forms of transport corresponding to laminar and turbulent 'ﬂow.r '
Finally, assumptiuns coucerning the chemical and thermodynamic behavior
of the gas introduce an additional parameter. A realistic and complete
description of the behavier of air s comples. Ju most analyses of fluid
mechanical problems, it is customary to consider initially certain limiting

cases of gas behavior. In the analysis described here, the composition of

air 18 idealized into molecules, atoms and ions with the ions treated as

having a molecular weight equal to that of the molecules. The sleatrans s : )
are taken to be equal in number to the number of ion. and to be mll‘yg" Y R

from the fluid mechanical point of view, Finally, the imcoutﬂtﬂm}.;i*{ P ey
while of interest, is assumed small so that the flow pro;nrttgl in&o( iy

-

are determined by the molecules and atome.

mtp——




GENERAL APPLIED SCIENCE LABORATORIES, INC.

raGk 7

With this tertiary miaxture as a mudel, there are various limiting
cases of chem:cal and thermodynarnical hehavior to be considered. The
usual cases of complete equilihrium and cumpletely frozen composition
are supplemented by several others, For example, the concentration of
molecules and stoms can be considered to he frozen; from the flow anaiysis,
a "state" defined by 4 pressure and temperature can he found. [he con-
centrat.on of 1ons n this state can be assumed to be given by equilibrium
air 15 that state Such a case corresponds to frozen dissociation and
equilibrium icnization. A fourth iimit ciearly corresponds to equubibrium
dissociation and fruzen icnization,

Thusg the two forms of wauke, the two transport mechanisms and the
four limit'mg' cases of gas behavior resuit in 16 different tvpes of wake
which can be analyzed in terms of the idealizations discussed here  [he
analysis of the wake which is presented below is applicable to 1l of these
cases; it is based on the application of integral methods to wake flow due
to Bloom and Steiger (Reference :}). [There result relatively sumple
expressions for the fluw properties in the wake in terms of transtormed
coordinates, of the gas properties along the axis of the wake, and of
conditions at the origin of the wake. ['he application uf these expressions
to a particular wake flow, therefore, involves the determination of the gas

properties and of the initial conditions for the wake and then the evaluation
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arise, The theoretios! aralty sy of the bourndar. lovor anaced wake is also

o et g

omst 8

of the inverse transforimation to obtain the {luw parainetéra in the physical

plane

Primary emphasis has been devoted here to those cases which would
appcar' to leiad to the highest Conventration of electrons in the wike. Pre-
liminary analy.es ndicated that the shorr-induced wake with u’aﬁmpii;rte—
equiiibirum and «ith vompletels {rozern compas.t o1 were lhu,; ta;»"m‘;-

emphasized, theretore, attention 1o dirvcted tethe four cases which so

presented wiony wth rumerical oralyaas of the oot gumditings in = oh-

awike, fnothe foloow og section, the italiar vaoaiions for the shock-inguced

WuKe are ¢ L uased
Phe nithurs re plenced to acknowied e the helpful suggestions oy

Lr. Antonio Ferrl ard Dry M 74 Biown coneernoy bhe analy 54 preseated

heve and the assistatie of M

ro Poal Baront, on the cumerioal analysis,
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. I INITIAL CONDIITONS FOR THF SHOCK-INDUCED WAKE

The major contribut on to the wake hehind a blunt body in hypersonic
flow arises from the bow shock, It1is therefore assumed that the bo;v shock
shape is given and that Ch“e wnitial conditions for the wake are derived, In
accordance with the idealizations described above, these initial cqnd;tﬁoﬁs-
involve the radial distributions of the :axza‘\l velocity, of the L'aqceﬁtéationa
of molecules, atoms and ions, and of o state variable, fur example, tém-
perature. Ihe static presgsure throughout the wake 15 assumed cunstant
and known,

From the shock shape aud the tables of Feldman {Refer:nce -1}, the

state of the mixture at each poirt behind the shock can be found for a given
flight velocity and altitude, These mixture properties can be useos in con-

g Y P
_junction with the equilibrium compositions tabulated by Logan (Reference 5)

to determine comnpletely the state of the air behind the shock. An asmmp- ’

tion must be inade concerning the thermodynamic and Shemical process

experienced by the gas in goiny from its state behind the shock to the

ambient pressure po... For the caiculations herein reported, o ipegﬁ;é}aﬁ;;
ﬁroceues were cunsideféd aorresp«m‘dmg to coﬁxpicte erqﬁi!ibriém;;di
completely frozen flow. thh the:e auumptxons, the atate of the ﬂow
{velocity, composition aad ¥em;:eramre) where the static preswr& is. ?w

can be determined far euh streamline onginatmg at the shockwave. I‘hcrg

remalm only thc detnrmmﬁaa ai the :adxal pasuiéat of the szreamhnw, N |
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This «an be done by a streamtube method of analvsis invelviig application -

of the condition 01 mass conservation starting from the axis of symmetry,

For the case of frozen compusitiun the tables ot Hutf et al in Reterence &
were used 1 cunjunction with the composition data from Reference 5,
The body considered tor numerical enalysis according to this method |

1» the " 10 configuration with o base racius of vne foot assumed. There was

available a schiieren photograph of the shuck - hape at 3 Mach number of 6,0
iReference 7). By application i the Mach nmumber {ndependence principle

this same shape was agsed to deterniine the initidl values for the wake

corresponding to a veiocity of 2 3,200 it/ rec at an altityde of 200, 000 feet,

Jhe results for the initiad dis%ﬂbutmr;s according te the two aer(»ds'ﬁamic
processes are shownan Figures 1 to 4, 1t should be rooted that if the radial
distributions tor a base radius uf the budy ecqual to 2.9 {eet are desxrud.
then i.':U? and the radial scaje ansociated with x and.r.must be zﬁi—z};ipﬁéé Wby*: |

2. 5: that is, the wake is 2.~ times greater in diameter.
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I ANALYSIS OF FLOW IN THE SHOCK-INDUCFD W AKE.

We assume that the wake begins at a plane x = 0 whiéh is at distance
d,, behind the body. On the initial plane x = 0, all the {low éraperties are
prescribed, for example, as shown in Figures | to 4. The problem is to
study how the flaw in th.e wake approaches the uniform flow outside the wal;o,
for the case of shock-induced wake,

Since the length of wake is much lirger than the diameter of the cross- |-
section, the usual boundary layer assaumption is ;pplicable. " The pressure, | .
Pr across the wake is constant and is equal te thét 'oirtvhtzr_ljurrouhd'mg‘ Mifo:m

‘rﬁuw. ives, | | . | |
P& Py, 4y

With the assumption that the Prandt! number Pr and the l.ew:s number

Le are equal to unity, the energy equation for shock-induced wake is fulfilled |

R [ O

by the Crouce integral

+ uo h. = const, 7 {2)
h 3 Se

The assumptions concerning the Prandtl and Lewis numbers are not necessary
when we employ the integral method in which the differential equations are
replaced by the integral equaﬁoas or the conservation laws across the entire
wake layer. This argument will be substantiated in the treatment of frozen
flow.

The continuity and momentum equations for the wake flow are

) dovr] | , -
Hpur) | 2evrl L
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" thickfniess ¥7is a constant (Reférencés J and 7. Thus

rage 12
and
du v o hyy
— — Y, — -
pur=*pvr - ¢ o= (ur o) | (4)

These equations are applicable for lamninar flow and also for turbulent flow
if eddy viscosity is introduced in place of the viscosity coefficient 4. In the
following analysis it should be understood that the symbol & denotes gither |
the laminar .or turbulent transport coefficient. When the integral method i?
employed, these two differential equations for u apd v are replaced by the

integral relationship for u:

ey puriu - u) dr = 0
O
where 8(x) :~ the radius of the wake region.  This equation states that the

total momentum is conserved in the wake region and that the momentum

5
{x) 5
! pur(u_ - uldr ‘ \ rurd dr- const @
Lo e ur{u - u - e ipurfu . -u r<cons
5 Y X *O
{5)

where §(x) is the radius of the wake and 6(') is the associated incompressaible
wake radius at x = 0 as defined in Equation {8¢),
The Youndary conditions for u are

du
at r =39, ll/um @ 1, .5-; =0 (6a,b)
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. Ju oy oty
and at r =0, ~ =0 and py — =lg—=-—- {7a, b)
Jr ux Ix-z

*
he last boundary vondition is obta.ned from Fquation (4) (L f, Reference 8),
The compres_ible wake i8 transtformed into an associated incompressiblg
wake by the transfurmation (Reference 8)
.l

{
A : {8a)

noa b ' - {8b)
X

where SRR (6% = \ puré ' {8¢)
3
3,

Vauotions (31, {6} aud (7 then hecome

s

9 . - .
Lost 0y o (1-1)dn CI
6 ) |
o u
o
"
- 1T, 0 atn el {1Ca, b)
9 g L u o
‘_”‘ - 0 arag w 0; “ Ke {")z dn: at n - {“a,b)
. - . ' A
where §:6'6g, G =uluy, B =nr pg x=x/b, and Re =;~mum5;mm7

Moreover, if we transform X into § by the relationship
x

v (e o
. "“”'\)p Ex,v; = g} dx =§ {12)
Re

O
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The last boundary condition becomes
- d‘}. = -éw Pfﬁ . }
u Jt (8)1 un atn ~0 . {13)

Equations (9}, (10a,b), {lla) and {i2) are explicitly independent of

p and p . Therefore, we can solve for u as a function of £, n fulfilling

Fquation (9) and boundary conditions (10a, b), (l11a) and {13) and also the
initial data at § = < < 0. The effect of [ and f; enters the problem through
the initial aata; through the values of b, and @, and through tﬁe ir;verse
transformation from the £, » plane te the phys;cal plane of x, r,

If the nitial profile for u, which also fulfills the bomndai'y éon&itiem
Fquations (104, b) and {ila), cun be approxunated by a third order poly-
nomial in n as

Ws 0, M) s - (Leagl(-3nd s 2n?)

- 1
or P-3(0,m) = (1-agit-)%(1 - 2n) e
then, the velocity profile 1n the wake can be expressed as

U-dtgon) - [L-af8)] emiz(iem) (15)

which obviously fulfills the conditions of Equations {lGa,b) and (11a).

Consider now the approximation of the inttial velocity data of Figures

I and 2 obtained with Equation (l4). To make a comparison it is necessary
to evaluate u(o,0) and 6,. This was done by application of the method of
least squares., The resulting curves of | - u{o, n) ug, versus s are shown
in Figures ! and 2. 1t will be noted that rough quantitative agreement is

obtained. If a more exact representation of the jnitial profile is desired,
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additional coefficients must be introduced into Equation (14); these must
be treated as functions of § with the requisite additional equrations deter-
mined either {rum additional houndary conditions at r : 0 or frum the
momentum equation multiplied by u or r and integrated with respect to r.
For the purposes of the present analysis the degree of approximation
achieved by Equation (14) is considered satisfactory, Equaticms {9) and

(13) yield, respectively:

0 B
= 8 fo.15(1-2)-0.0857 (1-: *’I
5. 5(1-2) 2 ").,..‘

: o o »r,‘{’rlb)' ,
- 0.l‘\(lfao)~0‘08:?(l~aﬁ)"s S o
b,
( e AL 17
and a :‘*: - - i (7
Fhimunativn of & vields
3 .
Lo L yurear fois - n.oss:u-@
50 dé

By integration, § is vxpressed in terms of A or 1-afi),

Ao (1,75 -Aaﬂ

2o 0. 5556 (~ N YITIRY
i = 40, el B o ‘
RT3 A KW fe A1, 754}

where A, <1 - a,.
Equations (2}, (14) and (18} give the velocity and*gt#tic 'cﬁthalpy'

distributions in the § - n plane, valid for either equilibrium or frozen

flow and for either laminar or turbulent flow. These cases require

separate treatment in the determination of the transformation from the §, nl




GENERAL APPLIED SCIENCE LADORATORIES, INC. rast e
, e

.

plane to the physical plane x, r, of the transport properties and the electron
density, and of the nitial valucs.

Consider now the four cases corresponding to laminar and turbulent
flow and to complete equilibrium and to completely frozen concentration.

{A) Fquilibrinm Laminar Flow

Corresponding to each point §, n the static enthalpy h is obmued
from Fquation (2) with the velocity u given by Equations (18) and'ﬂ&}.r ‘Wi'th'-"
P # P+ the state Of the fluid, the electron density n,, and the vigcosity : |
arc known for each value of h,

At each(statwn of x or &, n, is maximu:ﬁ on the 6»3#&5; rl'lfhe

distribution of na{4, 0) with respect to x 18 obtained from the inverse

transformation of Equation (1<),

$ X
x= 8} “ej [feo] w o
o ) - ’

"which is carried out by numerical integration.

(B) Frozen Lam:nar Flow

in this limiting case, we assume that the voiume recombination
rates within the wake are low compared to diffusion acroas atremlinﬁl.
- The mixture in the wake in general is composed of molecules O;, N;, NO;
atoms O, N and electrons and the associated ionized molecules gnd'ateu;s;
The number of the wnized particies per cubic centimiter is lafge {om the

order of 1012 for the conditions selected for numerical analysis), yet it is
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small compared tu the total nuxﬁber of particles per cubic centimeter.

Thus to a sctisfactory degrec of approximation the effect of ionized

pgrticles ¢an be neglected in the deternunation of the st.atcs of the mixture,
"y x;cpre:sents the mass fraction of species i in the wake, tbe

continuity equation for this specie according to the integral rﬁethad becé:ﬁes

the law of vonservation of mass for ea: h species in the wake region, that is,®
O : )
a

(;; ‘S T‘r"u{Yi w " Yi)dr' 0
]

»

Since Y, - Uiter atoms ‘and Y, £ 0 for molecules this equalion after

o«
transformalion from © o n becomes:
A ]

(&')3§ n.Y 4p - ont, subscript 3 for atoms {o0x)

i

<

i
f . . AP
and A LR Y/ Y 00! dn -cunst.  subscript k for molecules
v, ‘ .
{20b)
{he boundary conditivns are
] oY B L, N vY. »
at n < i, YJ-O ___;,_l_, = 0, \k4Ykm~-l, = U (gla)
Jdn dn :
"1111 dYk
and at N 20, e 30, —- =0 {21b)
dr on

I YJ i{s represented by a third order polynomial of n, the bpundar§

conditions of Equations {(21a,b) result in the dependence of Yj on 1 idehti'cai'

i . ~ -

#1t should be noted that this law prevails independent of the relation between
- diffusional velocilies and concentration gradients. :
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to the dependence of | - ufug onn, i.e.,

“b(d) {1-n¥ (1+2n) =

Equation {20a)thenhecomes
) {

(?)')&bj(g) {‘ u
v e e nu{l - —- 3} dn = const,
- até) o
0

From Equation {9} it is «lear that the above leads to

by(e) _
b,(0)

I-af)
b-a(d)

or
Y. (¢, n)

-
——— o ——

ugy-ufb, n)
- {0, 0)

{22a}

Y (0 0) Yo
Similarly, if Y) /Yy o, is represented by a third order pcl}mﬁmm

in 7n, the dependence of | - Ykhkcn on n will be xdenucal to ﬁn: oi

1« uiugy, e,

m-\l(f n)
.o Smnan e il z B
ugy - w0, 0) { Zb,r

Yk o " Yk(g' r!)

P

Vi - Yil0,0)

It is of interest to reconsider at this point the assumptions with
respect to the Prandtl and Lewis numbers. In the upaciu conserv&tie‘av S
the assumption of a pclynomial prome for Y; of the nm dcgne u m 7

velocity profile leads to Equation {22). Howeva. if an additional cutﬁm

resulting in a fifth degree polynomial for Y; is tnw_ and uceog T

an additional boundary cmﬁiﬁm atr =0 iy me ﬂuumﬁ nmk Q«
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differential equation analogous to Equation (17) for the determination of
this extra (oefficient as a function of §, [n this case the diffusion coefficient
Dy, evaluated at the axis will arise. In an analogous fashion a :tagnation
enthalpy profile could be assumed as a :4ubszituté for the Crocco igtegrai
Equation (2), The additional coefficient in this profile would be 'detv'fmined
by a «urresponding boundary cundition at ¥ = 0 arising from V;hre, er;e?'gy
equation. In this -~ase the Prandtl and Lewis numbers alon;g t};e ‘&xi} of the
wake would arise.  The initial values of the additional coefficients would be

selected 50 that the initial profiles woald be more closely approximated

5

than is possible with the profiles used here.r

Knowing Y)(é. n) and Yk(g. n), we can compule the dencity uf the
mixture y.  [he temperature of the mixture is determined such that the
static enthalpy h ol the in.xture agreés with Wtﬂhéltr 7fr°ﬂ\rEqudl‘Uh(£)-
Because of the close similarity bétweex; the transport prrurpcrher:s and the
atomic weights of oxvgen and nitrogen, the transport prop;er!ios of the
mirture 1n the wake wil be calculated by the formula tfor a binary mixture
of atoms and molecules according to the sugge~tion of Penner {Reference 9).
The transport pruperties of binary mixture are obtained from the io!!owing,-
formulas (¢f. Reference 10, for example):

- 2.67x 10%%
Pl 0: ‘2i£¢n‘3‘

- '—i = l,Z
(ry*
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. ¢
xi Xz’
M mix, ® ‘\2 ‘“l-. 184 \ )L p ]\ ) X
ED. R1 w ___z_ T
“1 L P : "y ! : XX, RT. (Poo W, DIQ
{23)
i';’{w *W ) ew w'“f: e .
D, -2.028x107 L el Tl 4y S |
' LU*, xy - 24}
P Vit ﬂl:( ! i o fz‘) '

{The definitions and the units are the same as those given in Relerence 10,)

The following constants have been used in the calculation {Reference 9): .

W, = 14.5 W, =29 .
U, = 0.80 A k= 14K

. o (%)
U, * 33 A e /k= ¢, /k = 84°K
02 - 3¢69A

If n, denotes the number of electrons per cubic centimeter, then

le/P is the number of electrons per unit mass of the mixture. The continuity]

equation for the electruons according to the integral method is the equivalent -

to the conservation of electrons in the wake, i.¢2,,
d - - 7 i E
vy purin,/e)dr=0 : : - {26)
(Y

This équation for ne/;‘a is the same as that for Y, and furthermore :};ey' have |

the same boundary condition, therefore, if n,/p is represented bya ﬁxxrdﬁr&n
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polynomial of v, the solutivn should be similar to that for Y, i.e.,

.;hu .’010 : -t :"“
relé I (0,0) - dgp - uCt, 1) (27)

n {0, 0)p (i, n) Yoo

The inverse transformation from §, 1 to x, r plane can be
accornplished by numerical integration since we know « {§, n) and

Binix, (6000,

In Figure 35 there 1s shown the mass fraction of atoms given by
t . . . N )
Fquation (¢2) with 6. determined from the velucity profile (¢f, figure 2),
and with Y (0. 0) determined by the method of least squares,. In Figure 4

the ratio of the number of electrons per unit mass in the wake to the

corresponding number at the anis as given by Equation (27) again with b'o
deter:a:red from the selocty profile and ng (U, 0)/5(0, 0) deterniined by the
method uf least squares. For both of these profiles the same comments.
as were made previously fur the ve!ocarty _ggdt‘xlea are Aappixca‘ble.:

()} Turhulent Wake (Equilibrium or Fruzen Flow}

In the £, n plane, the state :n the wake i# independent of My
therefore, the results for equilibrium or frozen laminar wake flow can
be empluyed for the ;~<)rrespt'ndi:\3 turbulent flow provided that the iymboi
M is interpreted as the absulute eddy viscasity p, instead of the absolute |
viscosity g n the transicfmathu; from §{-n pia@m to the f:hrysrwa! x;r‘piiane,r.,
Experimental data for absolute eddy viscosity for compreésiblg 'waké ﬂow‘sr
do nut appear to be availabie. Mager (Reference 11} has shown, however,

that for boundary laver flows the campressible va!ue;‘ of tirt:ﬂﬁnbre .




ey
i : »

correlated tc the invompressible eddy visco.ity e*, Mager's correlation
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<an be modified ‘2ee Appendix) for the trunstormation of compressible

axisymmetric wake flow; u}ere results
I3 .
P, e® ¢ :
By T ‘g pdré ‘ (28}
$r )
2 ,

According to Reference 2, pages 492-501, the incompressible eddy v;mgityg '

* fo; wakes and jets can be expressed as .
¢ %), Ju,-ue 0] - TR

where (b*)u = 6. is the radius of the g;@tre,spunding x'tu;omp—résfl‘iél'é“v&#b};"
at the initial stati‘;n. | |

The value of k, rm?ges from 0,0! to 0,005 for mixing of two-
dunensional ur circular jets and for two-dimensional wakes. Since a
different value of k amounts ouly to a different scale of x in t,hg physical )
plare, the value of 0.01 considered typical will be g%ﬁ#i’oyeﬂ in the p?uént '
calculation, Witn u replaced by p, the prm‘eduré developed for the iaﬁfxina’r: 7

wake can be applied t. the turbulent wake.
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IV ELECTRON CONCENTRATION 100 A LAMINAR, SHOCK-1MDUCED

WAKE

The trautormativis to the physical plane hirve presently been vompleted
fur the cases curresponding to cases A and B ot the previous section. The
results in terms of number of eleciruns per wat volume alung the axis
“e(“”‘) are shuwrn iv Figure %, [t »houid Li nuted that the x scule thorein
corresponds to a hase diameter ot one foor; for a base diameter equal té
2.5 feet these ditmensiunas shu.ld be multiplied Ly {2.3)% = v, 25, T | , V"";{f:’

For the case ot cquilrxbrium flow the resuits of Figure Em:.dwatc,thaf -
the number uf elecirons per unit volumre (3 relatively low at the initial
station and decreases by a factor of two io roughly 24,000 feet tur a body
of base diameter 2.5 feet, For frozen ionization the number of electrons
per unit volume is relatively high at the initial staticn (1.8 x 10'%) and
decreases by a factor of two in 9, 200 feet, again for a hase diameter of

2.5 feet,
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\ FLECTRON CONCEMIRATION I A TURBULENT, SHOCK-

INDUCED WAKE
Hased upon tne transtormations 1n Section U O, the results in terms
of nuunber o electruns per unit volume along the axis tiglos <) dre shuwn
in Fig.re ¢ for both ecurlibrium flow and tfruzen flow,
Ap compar ¢ to the corresponding laminar cases in Figure 5, the

tength soule for the sarne decay in eledctrun density iy roduced by an order

vuf 350 for the equilibriumn flow and by an order of U350 for the frozen flow,
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VI ANALYSIS FOR BOUNDARY LAYER INDUCFD WAKF

 Prandtl number of unity. 1hca' since the wake 18 treatcd as a ccmitant

_ pressure region, the Croccontegral given by Fquaﬂqn (l) can be pxten&ed "

v«here Aand B a.n. constarts m te'"n':' ed b

tt‘civarl; that b= hm wtum uE uw whﬁc the ;ecm:musf« e of

: ‘Equanum {14) and {t&) is stm \ahd for thc aké. xmwever, the emalpy“ i
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The analysi. for the case of boundary layer induced wake can be
carried out along lhines similar to that described above for the shock.

induced wake, We consider as « first analvsis the approxxmatmn oi o

s0 that

‘h*u‘f‘ A*Bu

y two s.uudthi,m

a specification of the total eners\\ lum m the stream to the bod generating:
the wake. Coneider, therefore, that A and B are known,

The solutiun fur tho wlmut, d:stribuucm on the \ n pl,melgiygggy

d:atnbunon mn now he obtained from Equation {30) rather t%mn irom oL

lquation {l) und therefore will chanye, The transformation to the », r

plane obtained from the inverse of Equation (12} must also be car'x:izﬁ;m;gf'

numerically and wall be altered by the change in the vc!acityégﬁﬁhﬁﬁy

relation.




VU NUMERICAL EXAMPLE OF BOUNDARY LAYER INDUCED WAKE

In order to provide an iudicatlcnv of the wake associated with the
boundary layer, the flow about a.slender, spherically-capped cone is
considered. The hali-cone anglé is taken to be 15° s0 that the ‘xonua;ion
" and dissociation behind 'th‘e,r {:és;ical shf;('k in t;c;;‘iigible. Morebv:c‘r‘. "'t |
base radius of 2,5 feet is aasx;ﬁed in urder to permit compatisén ofthit ,
: f;oun,dary }ayer iﬁduced w&e with those cgmpuiéd above, Finailj;.ﬁ‘the |

radius of the spherical cap is selected so that at the flight conditions 'Qo‘lf%ﬁ'fr 4

. xes;ﬁ;;:d g 10 200, QQO fecet the mass entering the bouﬁdary 1ay§;ritr ban o

-congervatively assumed to be laminar.»
In calculating the radius of the spherical cap the Levy-Lees trans-

format.on {cf, Rafereme 10) i3 applzed alm\g with the usumpuun of unifam 7

externﬂ ﬂcm on ihe <one {iﬁ ‘h‘&}. ‘Ihu masa emermg the fmmd&:y itm |
at a stat‘mn X meisur'ga along the tnﬂ'ace Qf the b@d&‘:ﬁrigmaﬁs, ina .-

streamtube of radius r . accoraing to the following equatxon

¢ &)
SRR N
?CD\(DH l‘m = 2nw ;W s 3{’1&}
‘ ‘where the s’ubscri;;t o 'damtes' m'ght cendiﬁons, ¥ is tin urc&mf l ’

is the tran sicrmw X umrdinnw aeﬁmd tay the tqmﬁm

'*Nmn that u‘ tiu ﬂow is mrhxﬁmt. ﬁw ;tusmime cmﬁﬂmﬁ !mf
~enter m bmmﬂwy Zam upstrea ' :
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and finally where {{ 1‘.(‘) 18 the vabue of the transfurmed stream-function -
evaluated at the "edge" of the boundary taver.® For u/n,Z 0,894, f(n )Y 2.5
It is sufficiently accurate for present purpuses to negieu't in the cumpu-
. Ve , ‘
tation of s the influence of the spherical cap which s excepted o be ot
relatively small radius. Thus using a Newtonian pressure on the cone and
the obligue shock pruperties yiven by Keference 4, we find fo from
Fquation {31). There was available o shadoewgraph obtained at a Mach

number of 7.9 vn & spherica!ly~capped 12° hali-angle vone, Fmpio;;ng

Mach number n.c«*pendonce pr.nupie, we can rmd the \aiua o! the noze -
- racius such that the streamtube with tha comyi;zeﬁ v.:due of 'r'm' = ('rmi ,
passes through the jundction of the comcal ;Az;d vurved portious uf:the bow g
shouck, This nese radins iy found to be 4,1 inches,
With the nuse radius determined. the shadowgraph van be used in

- conjunction with the gas and [low tables of References 4‘,6&&(&%91 ﬁ&te,tmi.x’i;z .

the state and compusition of the gas behind the shock and thus as a function

of the radial position of the point in fuestion on the shock, lhe rnass

fraction of the constituents considered are shown in Figure 7. These data

are required for the d,ﬁarmi’n’gtwn of the initial condition in the wake

analysis,

Cencider next the thurmeéyzxamu ;zroccu expotianecd by the

‘ ‘ﬂwing from the ragion bahmd the . &hwk. thrmagh :hc ba&nd;ry !&yur md

hxtc the wake behind the body‘ The ptoceu 1¢uding 0 m grenau alcctm ;

‘ -~ #Note ms if mass is m;tctad into nw ‘boundary hy‘; ” mua tr : m‘ _{ -
.. the body, the value of f{n ) must k« altered: and:
thté " to m zmm col \ ,




vative case will be considered,

-impiéyaé;}" ‘,th ‘zi;a V:érakiim;mgngﬁ w

edge of the cone to the pressure p ., tiw .eiocﬁ u{u. u? at th
_edg ' ty -

initial cross section of the wake 18 obtained, At the edye 0{ the wahe

r -6,, or ¢ ey whgre‘ is the aasuuamd nccmﬁ maﬁb;ai
e w F

f" rm.ims as &efqu m ﬁquﬁkﬁ&

the veiacity prome equwaicm m Equatian v foedy

ulo;n) - ulo,0)
afo, 1) ~ ulo, 0)

® - ﬂ)‘ (1+2n)

) WMN n = ,«_i&a, the imtial wske radma G' is detemmed by ﬁm wmem ‘

cmurvawm uf mur N
.

. n mu be mud thn ﬁw w:m s" '

in tha enu, u{ !h& simeie iaéum wake for
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The turther determination of the ges composition is mere complex.
Cous:derat:opr of the nass fractions of wonstitzents shown an Figare 7
indicatew that ne s:mple polvromial expressiond can be employed (0

~approximate the relations between mass flow and mass fraction, {or the

rurpose of estimating the initial state of the wake, straight-line seg ments._
» 8! enis.

were emploved along with the requirements of species conservation

corresponding tu frozen flow; this requirement can be expressed as .

{rm)i 8, S e
Y;lh rdr} i( pY; ur 3:)7— o f}Z}
-shock W) XEO in wake Lo

"'The left hand side of Ec;u'a’tw'zi'{ 32) can 'bé'év&fl‘uatéd for vach | frum’

Figure 7, while for the rignt hand ~ide 1t is convenient t0 use the trans-

formed variablie 7 in place of r, thus from Equatior (8a)
5

,o I LT S e s
¥ unén) (3
s 0 ks in waker

{1 1 ¥ urdr) : 5
* X0 in wake |

Provided straight (:1n€ ~+gmests for Y, - §(n} ere assumed the distribations

of the mass fractions of the main constituents shown in Figure 8 are oht:uncd’. i

We ate now able to find the dessity and ""mm,‘am“ﬁﬁiﬁ,ﬁﬁhaﬁmas.ﬂf

corresponding to the pressure pg, and 10 the static enthalpy ,d%st?ibbiibﬁ o '

ﬁ{hich is given by t,he‘C,ro¢c¢'Mlat&fiﬁﬁah%p,;;ﬁdg‘




‘while T{s) i given parhretr
ho® Wz Zmn Y (2)

The aistribution ot p/pw vEe 1 is shown in Figure 9

In urder to estimate the glectron u;m:‘b‘xl.un. it will k& &pprm&imttﬁ%y

a thard order }}Qiiyt;f;u"!’r!’%iai;éf}ﬁé’ifi{x ,e}r,‘.- L T

n (0, 71)* nel0, O}

due to the bcundaxrf}: ‘i‘;‘éﬁdiﬁ‘o‘ns Vaz; !;x lazui nwﬁ. R

~ The 'amp};mda fh{ﬁ,.5}—(@&"@#{###?&?&?@;b.f the '-t:éudhﬁ#_ﬁf‘;ﬁgx;iggvﬁﬁwv~, ‘

" total electron mpﬁlat:m from ﬁk“"'sh’«bék{m’_“thé wake, i.e, .

eft
times that in the shock induced wni:g. The dec;y of eloctrnn dem&ty'm bn‘
catimated {rom ms ina uma: %Mm:sd mxa ma the m@m uﬁa’
*r'u:‘xsmn re | .

| dm:rnau frm i.‘



VIII CONCLUDING RFMARKS

An analysis of the fluid mechameal aspects of the wakes behind bodies
in hypersonic fluw has been carried ovt, The fluw has been idealized so

- that the pressure is constint aud the houndary layer approximations are

'vﬂi&. Both laminar and turbulent flows are (LQﬂ'idﬁX"‘?d; Furshcrmvru,

two limiting cases are considered corrca‘apo:;éing‘to the aP.f;ck}?‘\ﬂrdugz?@"‘w;zkc
::ﬁd to the boundary layer induced wake. The mair interest mthuamdv is
the electron chncémrre;tiu;{ in t?xe wake, Preliminary amgkyp;q ;gd@&?&ﬁithat

«rrm,giﬁe

_the greatest number of electruns would arise from the cases of

equilibrium flow or completely frozen fiow, therefore, the chemical &

thermodynam:c behavior of the gas is idealiied 1o two differont ways
corresponding to these two cases,
By appropr:atc tr anamrmunox A t‘m »Lwcm} dzatnbuna m;,a;,f;tmw

£armed plane can be obtained for all ‘casg‘f,ai —mminat. or ,tya;‘i‘;fzi‘e,jz:tﬁ flow,"

shock- or bouncary laver-induced wake, frozen or equilibrium gas behavior,

The inverse transformation to the phvsical plave differs in each case and

must be performed numericﬁh,

Numerical results have been nb!am@d for hmnmr and :urbuwm ﬁafw

thh a shock mdm:ed wzk.e cvrnspma ng to the 3, iO contx,;x.mtmn. ’!:m

} ‘fiigm gcndiﬁoaa were taklm to ’&e 23 200 fga and 200, 0‘00 ieet alﬁm&a -

' Althcugh the demled‘ aalcn!&ticus were carried out far a baﬂ rvidi‘{#l@f—onc

ifmg the scaling to a ba“ ud.iua of 2.5 fmt is eale} yerfcrmd.f m j@ase

‘. :ai aqau;hxium. 1mmar ﬁw‘is team! to )mid an: ﬂwtr " G e




010

origin ot the wake of roughly & x | eircuuna}'u . This

in a Ien@th ef 9, 000 fevt for a buay of the surne bassc rad‘ms.
val‘.ms by roughly 350 fur ssqm twirum fiow umi ‘;} .(.59 w}: ir

ubout a stendex aphv rieally x&})pt’fi cone iy ‘-Df‘ﬂ;dﬂrﬂdt

is §5Y, the base- radxus 15 3,5 i‘a@t «md the, nose r«mms

cone. The maxiinum eluctram densit‘:,al t‘tw :mti;ﬂ ¢r0&,

~wake is 'mugh ly i 2 x tﬁ per &..c.. h i one- futmm:h ef th

_value in the shock-induced wake correxp’andmg w0 {be 3~

decays to one-hall in a4 distance of 100 feet.

uorrespondmg turbulent cases, the ncate of ien,.,th i reﬁut:ed srom

concentration
decays by a factor of bwo in a longth uf 24, 090 feet for a body with base

fameter of 2.5 feet., For frozen flow the electron concen i i
d t {2 feet, F { f1 the elect tration 1%

Fﬂrr fha ‘

wzen ﬂcw.

e
As arn indlcat'son uf the w;siua #8H0e awd mm :lur bwndar\ !a;n, the ﬁow

R

approximately 1.8 » w /»c: at t}w orq,,m uf the wake asxd decays w onevhalf ’

chosen so0 that the flu:d pessing thwugh the carvr*d pomtwn of the bew nhm:k

just completed 15 swaiiuwed by the boundary laver ut the txaiiing edge‘(tf'm

:ii} canﬁg&x&tim tmi,
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FRAMNSFORMATION OF IHE TURBULENT

S e o A———— o -

COMPRESSIBLE WAKE F1LOW

1he gevserning equativas for axisymmetric turbulent wake flow are:

four), * tovr « G7etr), 2 0 . ARy
rpua, v ® ;’?‘r)ur Coeiprout iy : - {1\'-2‘_}, - : :
cur Hy* (pyr v phy? ryH - -(,,r‘m)r o , AA=3)

We have already emploved two assumptzkms thvatr rtr:i:-;;:;r;:;eg's_u‘,r’# u near!}
con- tant in the wake and the effects %a‘{w;réaét‘iity &nﬂcoa&uetwu‘ycm
negicoted |
It thesc equat:uns the primies denote the fluctuating terms and H, the
total enthaipy, inciudes the mear kinetic energy. Equation (A-3) is fulfilled
by xhr- solution He constant and viH%a 0. |
In addition to the requirernent i the taminar flow trmsiﬂ!’a\m m
the streain function remains unchanged, we unpuse on the tuns{mmaﬁpn
the foliowing cunditions:
4. The reference conditions at the free stream value shoq.idnm
b, The moment of the turbulent lﬁear about the axis is constant ove!'
an mﬁmmsxmal mass of the {luid, o
Condxtmn {a} 15 more apprapriate for wake ﬂtw tm ua;tr‘n wia;{eh

wasg introductd for bmnduy fayer t}ow.

P F Y uete bued_ on this *Wéu han bum &ccep ted. iar Mﬁc -l
Joumal nf t}w Aewl Spar:« ‘chimm‘ o
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Cond:tion (b) ie alse different from Mager's hecause of the appearance
of the moment of stress rpa'v' i the vquation of motion,

.. «
With { ) indicating the quantities in the transformed :vstem the

transfornnations are

VE ' {A-4)
x® - x {A-5)
P4 ‘;b | ! 2
(ro}? =5 (L Ydr? = 24 {A-6)
%) P
v -t , , : - HA-T)
{r. E“')#Vﬁz‘*drdx‘) = 7{;*?@;‘;‘" ! ,mr$dr*dx* . 1  o {2&«;) VA}V

' Thc 34:%.@1 equanu::\ icada io
putety r*;»m;?:' * ’ {A-‘;}
The stream tunctions are related tu the velowity component: as follows:
pu rr,: pm,(yr sV o+ ;?—s,:') r 7: "'&ﬁ“”x
and usre = ‘br* ver#: -4 ¢
Equation (A-7) vields

- . v b atoly = - p
u® 2 u and r{pv + pvl) = Pao F;v* r‘r,{u:}

The continuity and momentum equations for the compressible wake flow

{Equations | and 2} then become the Lorrespcndmg equations for mcgmpﬂé’s o
sible flow:

(u‘r‘}x‘* (v*r,‘3l‘“ % Q

and

-}

* glyt
utusyt veus, = Srtutvivg,,




—
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I the eddy viscosity is introduced, Fyuaticu {A-9) becomes

& . - Fum
T pe oL r ' L] T—
f ¢ g
. rz
re 2 Pao ot (
- o ) g S TP
or f‘! - ,A{r ) o {puig*), T3 pér
por J

Along the axis, wr have pt(x,a) =z pmt*
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